Let M be a noncompact Riemannian 3-manifold, satisfying some assumptions that guarantee the existence of a minimal positive Green's function G : M × M → (0, ∞]. We prove the following two stability results. Firstly, we show that there is a C > 0 such that for all κ ≥ 0, all generalized Laplacians P on M with Lichnerowicz potential term 1 V P = 0, and all y ∈ M one has
The first inequality corresponds to the nonrelativistic stability of Hydrogen type problems on M with magnetic fields when spin is neglected, whereas the second inequality corresponds to a restricted nonrelativistic stability of Hydrogen type problems when spin is taken into account.
Introduction
Let us first recall some classical facts concerning the stability of nonrelativistic Hamiltonians in the Euclidean R 3 . The reader may find these and many more result on stability problems in the Euclidean setting in [15] and the references therein. Let β = j β j dx j be a smooth real-valued 1-form on R 3 and let κ ≥ 0, y ∈ R 3 . Then there is a unique self-adjoint realization H(β, y, κ) of − 1 2 j (∂ j + iβ j ) 2 − κG(•, y) in the Hilbert space L 2 (R 3 ), where G(x, y) is the Coulomb potential. It is a classical fact that for some C > 0, which does not depend on β or y, one has H(β, y, κ) ≥ −Cκ 2 .
If Z = κ/(+e) 2 ∈ N, then, up to certain conventions concerning the units and neglecting the electron's spin, H(β, y, κ) is the nonrelativistic Hamiltonian of a Hydrogen type atom 2 with Z = κ/(+e) 2 protons, in the magnetic field dβ, where the nucleus is considered as fixed in y with respect to the electron. In particular, the uniformity of the right hand side of (1) in β and y has a simple but nevertheless important physical interpretation: Regardless of the number of protons, one cannot drive the energy of the atom to −∞ by changing the magnetic field (or by simply moving the nucleus). Now if one takes the electron's spin nonrelativistically into account, the underlying differential expression has to be changed to the perturbed Pauli operator One natural way to get a unique self-adjoint realization H Pauli (β, y, κ) of the latter differential operator is to assume that dβ has a finite self-energy (see for example proposition 2.7 below):
The electron's spin now has the effect that one only has a restricted stability: There is a maximal κ 0 > 0 such that for all 0 ≤ κ ≤ κ 0 one has
where C > 0 does not depend on β or y (it is essential to shift the Hamiltonian here by the magnetic self-energy in order to get uniformity in β). This inequality has the same interpretation as before, with the difference that due to the maximality of κ 0 < ∞, the atoms under consideration are only allowed to have a restricted number of protons. Otherwise, the atom can be made unstable by changing the magnetic field. The aim of this paper is to examine in detail which topological and Riemann geometric properties of the Euclidean R 3 actually guarentee the above stability results, in other words, we want to extend the above results to the setting of Riemannian 3-manifolds. The essential observations in generalizing the above data to this setting are:
(i) There is a natural analogue of the Coulomb potential on any (necessarily noncompact) nonparabolic Riemannian manifold, namely, the minimal positive Green's function.
(ii) Although, due to topological reasons, the concept of magnetic potentials does not make sense in general, one can nevertheless define magnetic Hamiltonians on arbitrary Riemannian manifolds.
(iii) An appropriate use (see definition 2.13) of the theory of Clifford modules makes it possible to generalize the Pauli Hamiltonian to spin C manifolds.
Let us mention that (i) has already been observed in [6] , but we were particularly motivated by [3] , where the author considers nonrelativistic manybody stability problems without magnetic fields on (necessarily noncompact) geodesically complete Riemannian 3-manifolds with nonnegative Ricci curvature and an Euclidean volume growth. The observation (ii) is certainly well-known (see for example [7] and [5] ), and (iii) has been noticed in [4] and [6] . Being equipped with (i)-(iii), we will prove natural extensions of (1) and (3) to the class (A) of noncompact geodesically complete Riemannian 3-manifolds with a heat kernel that admits a global Gaussian upper bound. This class is larger than the above mentioned class from [3] (see remark 2.5). We believe it is a remarkable fact that this somewhat axiomatic assumption is the only explicit assumption that we have to make on the underlying Riemannian structure, in order to prove our main results. The point here is that the validity of a Gaussian upper bound has important analytic consequences like nonparabolicity, the validity of a Sobolev inequality or a maximal volume growth (see theorem 2.4). This work is organized as follows: After briefly recalling the concept of Green's functions in the setting of (A), we will prove a generalization of (1) in theorem 2.8 a), and a generalization of (3) in theorem 2.8 b), both in the general setting of vector bundles over a Riemannian manifold of the type (A). The notion of generalized Laplacians (see definition 2.6) will allow us to treat both cases in a symmetric way. A priori, theorem 2.8 itself is a purely mathematical result, in the sense that the operators under consideration need not all correspond to physical situations. But we will show that theorem 2.8 a) includes the nonrelativistic Hydrogen type magnetic Hamiltonians corresponding to ii) (corollary 2.11), and that theorem 2.8 b) includes the nonrelativistic Hydrogen type spin Hamiltonians corresponding to iii) (corollary 2.16), so that we indeed arrive at the asserted physical generalizations of (1) and (3) to the setting of Riemannian manifolds. Here, it should be noted that the constants C, κ 0 depend heavily on the underlying Riemannian structure and that the magnetic case is in complete analogy to (1) , whereas in the spin case, one has to add a "generalized self-energy" to the Hamiltonian, namely, the L 2 -norm square of the Lichnerowicz potential term (this term is a geometric generalization of the Zeeman term of the Euclidean Pauli operator above). Mathematically, this is no surprise and follows from the Lichnerowicz formula (lemma 2.14), whereas on the physical side this fact may deserve some interpretation. In the above Euclidean situation, this "generalized self-energy" is nothing but the usual magnetic self-energy. Finally, let us remark that we have essentially considered one-body problems here, that is, atoms with one electron. It is certainly an interesting question to see to what extend our results, in particular in the spin case, can be extended appropriately to arbitrary molecules ('stability of matter'), in the setting of type (A) Riemannian manifolds.
Main results
Let M be a smooth noncompact connected Riemannian 3-manifold without boundary, where the Riemannian volume measure will be written as vol(•) and the minimal positive heat kernel as p t (x, y). For x, y ∈ M, r > 0, the number d(x, y) stands for the geodesic distance of x, y, and K r (x) for the open geodesic ball with radius r and center x. If nothing else is said, TM and the corresponding tensor bundles are always considered as equipped with their standard Euclidean structure and the LeviCivita connection ∇ TM . Furthermore, any data corresponding to TM will be implicitely complexified. If E → M is a smooth (finite dimensional) Hermitian vector bundle, then with the usual abuse of notation the scalar product and norm corresponding to the Hilbert space Γ L 2 (M, E) will be written, respectively, as
where (•, •) x stands for the scalar product on E x and • x = (•, •) x for the corresponding norm. The operator norms corresponding to these scalar products will also be denoted with • and with • x , respectively. It will also be convinient to introduce the notation
for any section Ψ in E or in End(E). The symbol † stands for the formal adjoint of a differential operator between sections with respect to (4), and finally, if ∇ is a covariant derivative in E, then the corresponding curvature-2-form will be denoted with
We will first attack the problem of defining Coulomb type interactions in a general curved setting. To this end, we first recall the definition of Green's functions:
is called a Green's function for M. Here, ∆ = −d † d stands for the LaplaceBeltrami operator.
In view of (5), the concept of Green's function only makes sense on noncompact Riemannian manifolds. Moreover, Green's functions always exist [14] on noncompact Riemannian manifolds, however, they need not be unique. This is one of the motivations for the following definition:
The essential observation is ( [8] , theorem 13.17):
If this is the case, then
is the (unique) minimal positive Green's function on M.
Clearly, the Euclidean R 3 is nonparabolic and the corresponding minimal positive Green's function is given by (a positive constant times) the Coulomb potential (x, y) → 1/|x − y| R 3 . More generally, one has: Theorem 2.4 Let M be geodesically complete and assume that there are C 1 , C 2 > 0 such that for all t > 0, x, y ∈ M one has
Then the following assertions hold: a) M is nonparabolic and there is a C 3 > 0 with
for all x, y ∈ M.
b) There is a C 4 > 0 such that for any
c) One has an Euclidean volume growth, in the sense that
Proof. a) We have
b) This follows from the abstract fact that an estimate of the form p t (x, x) ≤ C/t 3/2 always implies a Sobolev inequality of the form (8) (see for example [9] and the references therein). c) Again, this is an abstract fact: The validity of (9) is always implied by a Sobolev inequality of the form (8) ( [18] , theorem 3.1.5).
Being motivated from [6] , and in particular from [3] , we will interpret G(x, y) as the electrostatic potential that a point particle in x ∈ M with charge −e feels in the presence of a point particle in y with charge +e. This again leads us to calling
the Coulomb potential on M with respect to the reference point y ∈ M. In view of theorem 2.4, we will usually consider the following class of Riemannian 3-manifolds :
Assumption (A): M is geodesically complete and there are C 1 , C 2 > 0 such that for all t > 0, x, y ∈ M one has
Remark 2.5 If M is geodesically complete with Ric ≥ C and (9), then (10) is satisfied if min σ(−∆) > 0 (this follows from a heat kernel estimate proven by E.B. Davies; see the last inequality on p. 31 in [2] ), or if one has C = 0 (this is the usual Li-Yau heat kernel estimate; corollary 3.1 in [13] ). The Li-Yau case has been considered in the context of nonrelativistic many body systems without magnetic fields and spin in [3] .
We turn to the formulation of the generalized stability problem that we have in mind in this paper. In order to avoid any confusion, we add: Definition 2.6 Let E → M be a smooth Hermitian vector bundle. A linear second order differential operator
is called a generalized Laplacian on M, if P † = P and if for any x ∈ M, X ∈ T x M, the operator symbol σ P,X : E x → E x of P in X satisfies
be such a generalized Laplacian for the moment. A Lichnerowicz type theorem [16] implies the existence of a unique Hermitian covariant derivative ∇ P in E and a unique pointwise self-adjoint V P ∈ Γ C ∞ (M, End(E)) such that
In analogy to the Euclidean R 3 , assumption (A) easily implies G(•, y) ∈ L 2 loc (M) (through theorem 2.4 a)), so that for any real number κ ≥ 0 and any y ∈ M, we can consider the differential operator
, clearly gives a symmetric operator. For any appropriate measurable b : R → R, the measurable self-adjoint section b(V P ) in End(E) can be defined with the fiberwise spectral calculus of E, like for example V ± P . With these preparations, the following can be said directly about the differential operators given by (11) and their Schrödinger semigroups:
and let κ ≥ 0, y ∈ M.
a) The operator (11) is essentially self-adjoint and its closure H(P, κ, y) is semibounded from below. Furthermore, the quadratic form q P,κ,y corresponding to H(P, κ, y) is given by
In particular, if f is an eigensection of
Proof. a) The essential self-adjointness and semiboundedness from below will follow from combining theorem 2.13, remark 2.2 and theorem 2.3 in [1] , if we can show that (11) is semibounded from below on Γ C ∞ 0 (M, E). To this end, let the potential W : M → End(E) be given by
Then using (7) one easily finds
But (6) combined with proposition 2.8 in [10] implies
the Kato class of the Riemannian manifold M, so that we can use theorem 2.13 in [10] to deduce that (11) is semibounded from below. The asserted form of the quadratic form now is also implied by the latter theorem. b) This follows from the proof of a) and theorem 2.16 b) in [11] .
Let us also remark that the Schrödinger semigroups given by Hamiltonians as in proposition 2.7 are given by Feynman-Kac type path integral formulae (theorem 2.11 in [11] ). Indeed, (12) has been proven by such a formula.
We can now formulate the main result of this paper:
The following assertions hold under (A): a) There is a constant C > 0 such that for all generalized Laplacians P on M with V P = 0 and all κ ≥ 0, y ∈ M one has
b) There are constants C, κ 0 > 0 such that for all generalized Laplacians P on M with P ≥ 0,
Note that, as it should be clear from the formulation, we have not fixed a vector bundle in theorem 2.8, that is, the underlying vector bundles are allowed to varry. The proof of theorem 2.8 will be given in section 3. At this point, we only add some remarks on this proof, which is an extension of the methods from the proof of theorem 9.1 in [15] to our geometric situation.
Remark 2.9 1. As a first step, we will prove a stability result of the form
in proposition 3.1. Note that even though the operators H(−∆, κ, y) are bounded from below by proposition 2.7, an inequality of the form
is not clear at all in the general manifold setting, due to the lack of unitary transformations in the Hilbert spaces under consideration. Furthermore, the proof of (14) uses the asserted quadratic dependence of (15) on κ. In the Euclidean space R 3 , it follows from a space scaling argument that the ground state energy of H(−∆, κ, y) is actually equal to a negative constant times κ 2 . Inequality (15) will be derived from the fact that G(•, y) is in the underlying Kato class, namely, we will combine an inequality from the theory of Kato perturbations of Dirichlet forms (theorem 3.1 in [19] ) with (6) and the KLMN theorem. The reason for this procedure is that our assumptions on the Riemannian structure do not lead to a direct control over the volume form, so that one cannot apply classical L p -techniques diectly. We also remark that proposition 3.1 has a natural generalization to regular Dirichlet forms. 2. The only reason why one can expect some uniformity of (13) and (14) in P at all is a quadratic form version of the Kato inequality (see proposition 3.2). This fact combined with (15) is essentially enough to derive (13). 3. The proof of (14) makes a direct use of the Sobolev inequality (8) . In fact, the key to the proof of (14) is a combination of (8) and (15). 4 . Of course, the constants C and κ 0 depend very sensitively on the Riemannian structure of M. We will discuss this dependence and the importance of the number Λ in (14) from the physical point of view after remark 2.17 below.
We now come to the quantum mechanical interpretation of theorem 2.8. To this end, we will define the classes of magnetic Hamiltonians and Pauli Hamiltonians, which both correspond to subclasses of the class of generalized Laplacians, and apply theorem 2.8 to these subclasses. The first definition is standard and corresponds to magnetic Hamiltonians:
is called a magnetic field on M, if β is real-valued and closed. b) If E → M is a smooth Hermitian line bundle, then a generalized Laplacian
with V P = 0 is called a magnetic Laplacian on M.
Let P be a magnetic Laplacian. Firstly, note that the essential fact for this notion is that ∇ 2 P /i is a magnetic field. Secondly, analogously to section 1, one can interpret H(P, κ, y) as the nonrelativistic Hamiltonian corresponding to an atom on M which is under the influence of the magnetic field ∇ 2 P /i ∈ Ω 2 (M), and which has one electron (neglecting spin) and a nucleus with Z = κ/(+e) 2 protons. The nucleus is considered as fixed in y with respect to the electron. Theorem 2.8 a) directly implies: Corollary 2.11 Under (A), there is a constant C > 0 such that for all magnetic Laplacians P on M and all κ ≥ 0, y ∈ M one has H(P, κ, y) ≥ −Cκ 2 .
This result allows the following interpretation:
Remark 2.12 The fact that the rhs of (16) is uniform in P and y means that the energy of the Hydrogen type systems under consideration cannot be driven to −∞ by changing P, which corresponds to changing the magnetic field, or by moving the nucleus, whereas the arbitraryness of κ here means that these facts are true for any atom, regardless of the number of protons.
We now come to the nonrelativistic description of a Hydrogen type atom, taking the electron's spin into account. Assume that E → M is a smooth Hermitian vector bundle with a Clifford multiplication
that is, c is a morphism of smooth vector bundles such that for all α ∈ Ω 1 (M) one has
Assume furthermore that ∇ is a Clifford connection with respect to c, that is, ∇ is a Hermitian covariant derivative in E such that for all α as above and all
Then (c, ∇) is called a Dirac structure on M, and one can define the associated Dirac operator D(c, ∇) by
which is a linear first order differential operator with D(c, ∇) † = D(c, ∇). If (e j ) is some smooth local orthonormal frame for TM, then one has D(c, ∇) = j c(e * j )∇ e j . Furthermore, D(c, ∇)
2 is a generalized Laplacian on M which is given by a Lichnerowicz formula [12] 
In particular, D(c, ∇) 2 is a nonnegative generalized Laplacian. Being motivated from [6] and in particular from [4] , we propose: operator corresponding to (c, ∇) .
The assumption rankE = 2 is a topological restriction on M, namely, the existence of a Pauli-Dirac structure on M is equivalent to M being a spin C manifold. This follows from dim M = 3 and spin C (3) ∼ = U(2) as Lie groups. Furthermore, one has:
is a magnetic field, and the Lichnerowicz formula (18) takes the form
Proof. These assertions are all included in proposition 11 and theorem 19 from [4] . One just has to note that ic defines a spin C spinor bundle, and that ∇ determines a spin C connection on ic, both in the sense of [4] .
Remark 2.15
The fact that tr[∇ 2 ]/i is a magnetic field, and that only this scalar part of ∇ appears in the potential term V P(c,∇) are essential for the notion "Pauli operator" (see the differential expression for H Pauli (...) from section 1).
Assume now that the Riemannian structure of M satisfies (A) and that (c, ∇) is a Pauli-Dirac structure on M with
where | • | x stands for the fiberwise Hilbert-Schmidt norm. Then for any κ ≥ 0, y ∈ M, the operator
is well-defined in the sense of proposition 2.7, which follows from the trivial inequality
In view of section 1, this operator can be interpreted as the nonrelativistic Hamiltonian corresponding to a Hydrogen type atom on M which has a nucleus with Z = κ/(+e) 2 protons and which is under the influence of the magnetic field tr[∇ 2 ]/i, where in contrast to the bare magnetic situation of corollary 2.11, we have now taken spin into account. Again, the nucleus is considered as fixed in y with respect to the electron. 
Proof. This follows directly from theorem 2.8 b) and (20).
This result can be interpreted as follows:
Remark 2.17 1. That the rhs of (21) does not depend on (c, ∇) or y means that the energy of the system cannot be driven to −∞ by changing the underlying Pauli-Dirac structure (which includes the magnetic field) or by moving the nucleus. 2. In generalizing the Euclidean situation (3), we had to add a generalized self-energy S(c, ∇) to the Hamiltonian in order in order to obtain a stability result which only contains concrete geometric/physical data. It is easily checked that in the Euclidean situation that we have considered in section 1, this generalized self-energy indeed reduces to nothing but the usual magnetic self-energy (2). 3. The fact that in contrast to corollary 2.11, (for a fixed value of Λ) the number κ cannot be taken arbitrarily big now, comes from spin through the Lichnerowicz potential terms, and this numerical restriction physically means that a stability of the form (21) is restricted to nuclei that have Z ≤ (κ 0 Λ 2 )/(+e) 2 protons (see also section 1).
4. By choosing and fixing Λ appropriately with respect to κ 0 once for all, one can always guarantee stability for Z = 1, the classical Hydrogen case.
Finally, note that in view of remark 2.17, it is clear that it is an important task to determine how big the constant κ 0 , which depends very sensitively on the Riemannian structure of M, can be taken. Our choice of κ 0 is such that κ 0 becomes big, if the constant C 1 from (6) or the constant C 4 from (8) becomes small. In other words: The question of finding good heat kernel estimates and good Sobolev estimates is closely related with quantum mechanical stability problems of the type (21).
3 Proof of theorem 2.8.
This section is devoted to the proof of theorem 2.8. In view of remark 2.9, we start with the following proposition, the simplest scalar form of theorem 2.8, which will be used several times in the proof of theorem 2.8 (not only for uniformity in y!). We recall that
and q −∆,κ,y stand, respectively, for the self-adjoint realization and the corresponding quadratic form in the sense of proposition 2.7 of
Proposition 3.1 Under (A), there is a C 6 > 0 such that for allκ ≥ 0,
in other words, H(−∆,κ, y) ≥ −C 6κ 2 .
Proof. We can assumeκ > 0 for the proof. For any r > 0, y ∈ M let C(r, y) := sup
We will prove in a moment that there is a C > 0 such that for all r,y one has
In particular, G(•, y) is in the Kato class K(M) and the proof of theorem 2.13 in [10] (it is here where theorem 3.1 in [19] is used heavily) shows that for all r,κ, y, h,
Choosing for example r = 2C 2κ2 implies
so that the quadratic form defined byκG(•, y) is q d -form bounded with bound < 1. In particular, the KLMN theorem X.17 in [17] combined with the latter inequality implies
which proves the proposition. It remains to prove (23). The equality G(z, y) = ∞ 0 p t (z, y)dt combined with the Chapman-Kolmogorov identity for the heat kernel and (6) give
and the proof is complete.
Before we come to the proof of theorem 2.8, we state our second main tool: Kato's inequality (see [10] for a proof in this formulation): 
Note that proposition 3.2 is valid on any Riemannian manifold. Being equipped with the above results, we finally come to the proof theorem 2.8:
Proof of theorem 2.8. We start with observations that will be relevant for both parts of the theorem: Let P be a generalized Laplacian on M with P ≥ 0 and
and let κ ≥ 0, y ∈ M, Λ > 0, f ∈ D(q P,κ,y ). Then P ≥ 0 combined with (V P (x)f (x), f (x)) x ≥ − V P (x) x f (x) implies the following estimate for any 0 ≤ t ≤ 1,
Applying proposition 3.2 to ∇ = ∇ P gives |f | ∈ D(q d ) = H 1,2 (M), and we can estimate (26) by
a) With the above preparations, there is essentially nothing left to prove: It has to be shown that there is a C > 0 such that for any κ ≥ 0, y ∈ M, any generalized Laplacian P on M with V P = 0 and any f ∈ D(q P,κ,y ) with f = 1 one has q P,κ,y (f ) ≥ −Cκ 2 . But given such κ, y, P, f , putting t = 1 in (27) implies
so that one can define C to be the constant C 6 from proposition 3.1.
b) It is sufficient to show that there are C > 0, κ 0 > 0 such that for any Λ > 0, 0 ≤ κ ≤ κ 0 Λ 2 , y ∈ M, any generalized Laplacian P on M with P ≥ 0 and (25) and any f ∈ D(q P,κ,y ) with f = 1 one has
Let Λ, y, P, f be given as above, let κ ≥ 0 and 0 ≤ t ≤ 1. Since |f | ∈ H 1,2 (M) as we have noted above, it follows from the Sobolev inequality (8) and Cauchy-Schwarz that |f | ∈ L 6 (M) ∩ L 4 (M). Then, using (1/Λ)× the trivial inequality
we can estimate (27) by
where D > 0 is arbitrary, shows (using f = 1 again)
With the choice D := (2C 6 ) −1 one has (−C 6 D 2 + D) = (4C 6 ) −1 > 0 and (35) implies
so that combining the latter inequality with (34) we arrive at
which is ≥ 0, if
In view of the latter fact and inequality (31), the claim follows from taking C := 2C 6 and
